This work presents a set of analytical design models to predict the electrical and mechanical properties of hybrid carbon nanotubes (CNT)/carbon-fibre (CF)/epoxy composites for potential use in fuselage and airframe constructions against lightning strike. The models are validated by experimental data from open literature. An optimization process is carried out to identify the microstructural configuration of the composite that provides the highest improvement in terms of electrical conductivity for the lowest structural weight in a CFRP fuselage design. The through-the-thickness conductivity of the composite laminate is considerably enhanced by a 2% volume fraction dispersion of CNTs within the matrix resin. The increase in the dielectric properties is accompanied by a moderate improvement of the composite mechanical performance. The hybrid CFRP/CNT composite configuration leads to a weight-efficient design solution for representative fuselage structures. 
I. Introduction
Protection against lightning strike is a particularly important aspect of modern airframe design. Lightning is caused by the electrical discharge between the cumulonimbus and the ground. Existing studies describe the lightning process via three possible modes of charge transfer [1] : (a) Dart-leader-return-stroke sequences (represented by wave A in Figure 1 ), (b) continuing currents (represented by wave B and C in Figure 1 ), and (c) M-components (represented by wave D in Figure 1 ). Two types of lightning (positive and negative) are observed in nature according to their electric polarisation. The current of a negative lightning is on average between 30 kA and 50 kA [1] , while the positive lightning could induce a current as high as 200kA [2] . In spite of the fact that only 10% of a lightning transfers a positive charge [1] , a positive lightning strike can have considerably more severe consequences than a negative one. The SAE ARP 5412 code [3] standardizes lightning current waveforms to perform simulations and tests and evaluate the effects of lightning on aircrafts. As it can be observed in Figure 1 , the lightning current consists of four components, denoted as A to D. Wave A represents the first return stroke peak of the current during the first 0.5 s. Waveforms B and C represent the current following the first stroke peak, and act as a bridge connecting the wave A and the last waveform D, which represents a subsequent restrike. The amplitudes of waveforms B and C are much lower than those of A and D, although they have a relatively longer duration (up to 1 second). All the essential characteristics of the current waveforms are summarized in Table 1 . Lightning currents are usually expressed in exponential forms for some modelling and design purposes.
Metal airframes of typical civil aircraft act as Faraday cages, therefore protecting the aircraft systems, the crew and the passengers against lightning strike. Carbon fibre reinforced plastics (CFRP) is one of the most popular class of materials for modern composite aircrafts, and the use of CFRP in airframes has led to significant weight saving. However, protection against lighting strike represents a considerable issue for the successful implementation of composite-based airframe constructions [4] , because both CFRPs and the paint at the surface are non-conductive, therefore a composite airframe does not behave as a Faraday cage anymore [5] . State-of-the-art protection technologies against lightning strike include the integration of copper meshes within the CFRP structures and the use of conductive coatings. Conductive metal material may be added either between composite laminates, or to the surface of the airframe skin [6] . The use of embedding metal meshes or metal additives provide an adequate lightning strike protection to CFRP structures but also have significant drawbacks, such as an increase in structural weight and a general decrease of the mechanical properties versus the ones of the pristine composite material configuration, in particular for the interlaminar strength [6] . For a typical civil aircraft design the use of a surface copper mesh would imply the increase of the total mass of the plane by a couple hundred of kilograms on average. Thermal residual stresses between the copper wires and the CFRP plies also reduce the fatigue endurance of composites [3, 7] . It is clear that a significant increase of the conductivity of CFRPs would enable a significant reduction of the weight of the embedded conductive meshes and the coating.
Carbon nanotubes (CNT) exhibit an excellent range of multiphysics properties both in terms of electrical conductivity and mechanical stiffness, with current density around of 109A/cm 2 and Young's modulus between 1.0 TPa and 1.4TPa [8] . The use of CNTs dispersed in thermoset resins to improve stiffness, strength and dielectric properties has been evaluated by a considerable number of researchers [9] . Recently, Lockheed Martin has also started to introduce a CNT-reinforced thermoset matrix to produce the F-35 wingtip fairings [10] , and paints based either on epoxy or thermoplastic resin with CNTs have been patented for lightning strike protection in aircraft [11] . CNT-reinforced nanocomposites also show a strain-dependent loss factor under harmonic loading and their use as a possible surrogate to constrained layer damping treatments in surface controls of business-type aircrafts has been evaluated by some of the Authors [12] . This paper describes the development of a methodology within a multiobjective optimisation framework to perform the preliminary design of laminates with carbon-nanotube doped resin for their use in composite fuselage applications. The design is performed to identify the content of nanotubes, carbon fibre, number of plies and ply thickness to maximise the in-plane and through-the-thickness electric resistance of the panel and minimise the surface mass. The aircraft fuselage is represented by a simplified cylindrical model to calculate both the resistance and the hoop and longitudinal stresses, the latter being used to verify mechanical stiffness and failure requirements.
The current design philosophy to preserve the in-service structural integrity of aerospace composites is based on a "damage tolerant" approach. This is underpinned by a "no growth" requirement for delaminations [13] . Hence, strains must be low enough to avoid propagation of barely visible damage for the entire service life of a composite airframe. A representative limit of the in-plane principal strain for "no growth" is 4000 με at ultimate load, i.e. 2700 με at limit load [13] . These values are dictated by the post-impact or "notched" material properties of composites, such as compression after impact (CAI) and open-hole tension/compression. The "no growth" design approach is substantiated by extensive experimental characterisations carried out according to the "pyramid of testing" approach [13] . The adoption of the "no growth" criterion is due to the uncertainties associated with the static, fatigue and impact behaviour of FRPs, particularly in presence of variable temperature and moisture content. However, "no growth" strain limits correspond to less than a third of the pristine static strength of FRPs [14] . The effect of fatigue on the in-plane strength of FRPs is much less significant than for alloys, also in presence of stress concentrations [13] .
In the proposed design methodology a linear electric conductance model approximates the in-plane and through-the-thickness resistance. Modelling the effect of lightning strike on composite structures requires in general to solve a complex electrical-thermal problem [15] . The low through-thickness conductivity of fibre-reinforced polymers subject to lightning strike induces localized heating due to eddy currents. The amount of heating is sufficient for the pyrolysis of the composite to take place. This phenomenon is further exacerbated by the presence of shock waves having magnitude in the order to tens of MPa, which promote the onset and propagation of delaminations. Pyrolysis may cause localized puncture of the composite structures, which, in the case of a fuselage, may lead to catastrophic decompression. Capturing the complex physics associated with the impingement of lightning strikes on composite structures and the associated thermo-electro-mechanical interactions is beyond the scope of this paper. Here, the conductivity of the material is used as a proxy for evaluating the improvement of lightning strike resistance, under the assumption that the Joule heating due to eddy currents governs the resulting damage in the composite material. 
II. Materials and models

Constituents of the nanotube composite
Two types of carbon nanotubes are considered in this study (Table 2) , namely single-and multi-walled. Single-walled nanotubes possess both higher stiffness and electrical conductivity, while the multi-walled nanotubes (MWCNTs) have a significantly lower cost compared to SWCNTs (about 1/200). In view of a potential industrial-scale use and in order to reduce the capital costs involved, multi-walled nanotubes are considered in this work. 3,000~6,000** 3,000~6,000** Price (USD/kg) 25,000* 700* Epoxy ER2074 has been selected as the polymer matrix for the case study, with its typical properties shown in Table 3 [21] . The carbon fibres selected are IM7 and T300 (Table 4) IM7 has better mechanical properties (modulus and strength) compared to T300, but the opposite is true for the dielectric performance. The thermal conductivity of T300 is about twice that of IM7. The T300 fibre also exhibits a slightly higher specific heat and resistivity. These facts imply that although a T300 composite would experience a lower temperature increase at constant current levels, a larger volume fraction of T300 fibre would be needed to obtain the same stiffness and strength compared to IM7. In this study the IM7 carbon fiber has been chosen because of its current widespread use in the airframe of modern civil airliners (A350XWB and Boeing 787). Volume resistivity (Ω-cm) 1×10 15 Electrical conductivity (S/m) 1×10 -13 Tensile strength (MPa) 72
Strain at break 0.30%
Compressive strength (MPa) 102
shear strength (MPa) 34 specific heat @ 297K (J/kg-K)
1.08E+03 
Dielectric models of the equivalent matrix
A self-consistent scheme [24] is used to predict the effective properties of the CF/CNT/polymer laminate. This scheme is based on a three-phase model, in which a single type inclusion is firstly embedded in the finite matrix material region, then the other phase is integrated into this effective matrix by using existing rules of mixtures. The model can be adopted by assuming that the carbon fibres are in a woven topology and they are cured into an effective continuum polymer matrix with the CNT dispersions. This assumption is reasonable because the dimensions of the carbon nanotubes are several orders of magnitude smaller than the carbon fibres. The CNTs are also assumed to be uniformly distributed within the polymer matrix. Using this analytical multiscale approach, the number of phases in the final composite is reduced to two, thus leading to a simplified model. The input variables of the model include the volume fractions of all the constituents, their multiphysics characteristics (electrical and mechanical properties), and the thicknesses and stacking sequence of the resulting laminate. The model is able to predict the electrical and mechanical properties of the resulting system, including the electrical conductivity in three dimensions and the mechanical strength and stiffness.
The mechanical properties of the effective matrix (epoxy/carbon nanotubes) are evaluated in this work using different homogenization theories. The weight fraction of the nanotubes is constrained to be lower than a maximum threshold, to avoid increased viscosity and clustering of the nanoparticles. The percolation of the carbon nanotubes is an essential aspect determing the conductivity of the nanocomposites. Existing studies have investigated the percolation in conductive and semi-conductive composites [25, 26] . In a system which is constituted of conductive and nonconductive materials, when the loading of the conductive material reaches some threshold (percolation limit), the conductivity of the whole system will increase dramatically by several order of magnitude, due to the formation of conductive networks [26] . Two models to predict the effective conductivity of the carbon nanocomposite are here considered. The first is a power law, which is the most widely applied scheme in the open literature and fits well experimental data [27] [28] [29] . The second approach is the analytical model proposed by Deng and Zheng [30] , which takes into account geometric parameters including the aspect ratio and the waviness of the nanotubes. The two models are recalled in Appendix A.
Several data sets about the electrical conductivities of MWNT/nonconductive matrix composites have been collected from open literature and plotted in Figure 2 , in order to identify average values of the exponent of the power law and the reference conductivity 0. Apart from the data set #2, it is apparent that the percolation thresholds are around a 0.7 vol% value. Below this volume fraction, the conductivity of the MWNT composite is less than 10 -10 S/m. Above this percolation level, the conductivity increases up to 10 orders of magnitude. A least squares fit of the power law to the observed data provides a value of 0 = 1000 / and = 2 have been found to give a relatively typical trend of the observed data. In practice, the percolation threshold depends upon several other factors, including geometry, the processing methods and the matrices used [31] . The orientation of nanotubes also has significant effects, as shown by the data set #2 for an aligned MWNT/epoxy composite. [32] ; Data set 2: aligned MWNT/epoxy [29] ; Data set 3: MWNT/alumina [33] ; Data set 4: MWNT/poly(ethylene terephthalate) [28] ; Data set 5: MWNT/polycarbonate [34] .
The Deng and Zhang model (see Appendix A) includes a polarization function ( ) , intrinsically determined by . Therefore, the critical volume fraction is also a function of , as shown by the curve "Prediction 1" in Figure 3 . If the aspect ratio of the MWNTs is about 50, the percolation threshold is predicted to be 0.94vol%, which is slightly higher than the value identified by the experimental data sets (see Figure 2) . Another simpler prediction of the percolation threshold is given in [35] , where a simple exponential relationship between the critical volume fraction and the CNT aspect ratio as been assumed, namely = −1.1±0.03 (see "Prediction 2" in Figure 3 ). However, for MWNTs with aspect ratio of 50, this percolation threshold model yields a critical volume fraction of 1.35%, which is even higher than that predicted using the first method and almost double the experimental value.
Figure 3 Percolation prediction for nanocomposites versus the CNT aspect ratio
At volume fractions below the threshold , the matrix dominates the conductivity of the composite, due to the low contact density among nanoparticles. For randomly oriented MWNTs, the effective electrical conductivity of the composite ( ) is given by [30] :
For randomly oriented CNTs, the transverse conductivity can be neglected because it is two to three orders of magnitude lower than the axial one [36] . The waviness of the CNTs is calculated by taking the ratio between the straight-line distance between two ends and the length of the nanotube itself. An average value of 0.8 is taken for in this study [30] . Theoretically, the percentage ξ of the percolated MWNTs depends on the CNT length and aspect ratio. However, it can be assumed that ξ is proportional to √ 3 (average measure of the nanoparticle separation [30] ):
For volume fractions above the percolation limit, the effective electrical conductivity of the composite is provided by both the un-percolated and percolated nanotubes (second and third terms of Eq. (3), respectively [30] ):
Eqs. (A1-A3) and (1-3) describe the entire analytical approach to predict the effective conductivity of randomly oriented CNT/polymer composites for volume fractions of reinforcement up to 10% [30] . Figure 4 shows the predicted results compared with the experimental ones from [27, 33, 37, 38] . It demonstrates that the model is in reasonable agreement with experiments carried out on PPESWNTs/polycarbonate and SWNTs/polyimide CP2 composites. At low CNT concentrations the conductivity of the composite is that of the matrix, i.e. usually below 10 -12 S/m. Significant increases of the conductivity close to the percolation limits can be observed, followed by an asymptotic approach towards a constant dielectric behaviour. The effective conductivity tends to plateau above a 5% volume fraction. This can be explained by the saturation of the conductive network within the matrix. For MWNTs/alumina, the model provides a good comparison with experimental data at high CNT concentrations, but fails to predict the percolation behaviour of MWNTs/alumina and SWNTs/PMMA at low CNT dispersions. A likely reason for this discrepancy is the uncertainty associated to the effective aspect ratio of the nanotubes. In the reminder of this work, the electrical properties of the composite will be estimated by Eqs. (A2-A3) and (1-3) . The percolation threshold is set at 0.7vol%, i.e. the value suggested by both experimental data and the power law model. Mechanical stiffness and strength of the equivalent matrix material
The following assumptions are made for the analytical model that describes the mechanical properties of the equivalent matrix: a) There is perfect bonding between the matrix and the nano inclusions; b) The matrix is isotropic in nature and perfectly cured, with no void being present; c) The matrix and the carbon nanotubes share the same experience the same strain level; d) The carbon nanotubes are uniformly dispersed within the matrix, resulting in an isotropic nanocomposite.
Several homogenization models are available in open literature to predict the effective mechanical properties of nanocomposites with randomly distributed nanofillers (see Appendix B for the associated analytical expressions). The simplest one is the Voigt-Reuss model (basic rule of mixtures), which gives the upper and lower modulus boundaries with nanotubes being all aligned either along the load direction ( ), or orthogonally to the load (transverse direction) ( ) [39] . Hashin-Shritkman bounds assume that the nanocomposite is isotropic and quasi-homogeneous, and allow calculating limits for the shear modulus and bulk modulus of the nanocomposite [39] . The shear lag model combines the rule of mixtures with the Cox's model to predict the interfacial shear strength and the progressive debonding of the CNTs from the surrounding matrix under tensile loading. The shear lag models accounts for the geometry of the nanoparticles [40] and it leads to isotropic properties for the nanocomposite material. The Hui-Shia model takes into account the aspect ratio of the CNTs, and it has been successfully extended to predict the overall modulus of composites with fibre-like fillers [39] . The trends of Young's modulus versus the volume fraction of the nanofiller predicted by the analytical models listed above is shown in Figure 5 and compared to experimental data [41] [42] [43] [44] . The test data tend to be close to the lower bounds because of the very significant large between the stiffness of the CNTs and that of epoxy matrix. It is worth of notice that the experimental data are related to different sets of polymer matrices. The test data #1 show a tensile modulus that decreases beyond 1.5wt.% CNT, because of the aggregation of the nanofillers [45] . However, it can be observed that the lower bound of the Hui-Shia model fits the two sets of the experimental data with sufficient accuracy. Therefore, the Hui-Shia model will be employed in the rest of the paper for the evaluation of the tensile modulus of the effective nanocomposite matrix.
Figure 5 CNT reinforced stiffness of epoxy matrix (experimental and predicted data)
The Poisson's ratio is of the MWCNTs nanocomposites is assumed to be equal to 0.38 for simplicity [46] . The shear modulus is also considered by assuming the nanocomposite as an equivalent isotropic medium ( 12 = 2 1 + 12 ⁄ ⁄ ). The strength of the CNT composite is predicted by using the rule of mixtures, with a coefficient accounting the random distribution and orientation of nanotubes:
Here the value of = 0.2 is used as recommended in [47] .
Dielectric and mechanical unidirectional ply models
As carbon fibre are added into the effective matrix, the resulting conductivity is affected by a further percolation effect due to the presence of continuous fibre reinforcement. Below a critical CF volume fraction, the conductivity is still dominated by the effective matrix. However, above this critical value, the overall conductivity increases dramatically. The presence of the CNT reinforcement would reduce the percolation threshold of the carbon fibres in the polymer matrix due to the synergy existing between the CF and the CNT networks [48] . The percolation threshold of carbon fibers in polymer matrix is reported to be around 2.7vol% ~ 4.3vol% [48] . In aerospace applications, the fibre content in CFRP is usually around 40%~70% in volume to ensure adequate strength and stiffness. This fibre content is much higher than the percolation threshold, therefore the in-plane current conduction would be dominated by the carbon fibres, which can be safely assumed to have percolated.
In terms of current conduction, the electrons may travel either along the fibres or through the conductive matrix. Thus the overall resistance of the composite can be obtained from the expression:
When considering the relation = / in Eq. (5), we obtain after some manipulation:
Eq (6) represents a rule of mixtures. The relation is valid for a composite with a sufficiently highconductivity matrix due to the dispersed CNTs. In the case of an insulating matrix, in which ≈ 0, Eqn(6) reduces to:
The rule of mixtures is valid when all the fibres are aligned and the dielectric connectivity between fibers along the longitudinal direction is perfect. In an ideal case, all fibres are fully separated by the matrix along the transverse and through-thickness directions. In a non-conductive matrix, the transverse conductivity of the unidirectional lamina ought to be zero, assuming that no contact between parallel fibres exists. In reality random contacts between the fibers are always presents, due to the irregular arrangement of the reinforcement. Tse et al. [49] have developed an analytical model for the transverse conductivity of the unidirectional laminate based on the evaluation of the contact probability. The results from both the analytical model and experiments indicate that the transverse conductivity is in the range of 10~10 2 S/m, which is roughly three orders of magnitude less than the longitudinal conductivity (10 4~1 0 5 S/m) [49] . For composites with cross-ply laminates or quasi-isotropic stacking sequence, the conduction of the current is dominated by plies with fibres aligned along the direction of the electric field. In the present work, the transverse and through-thickness conductivities of the CF/epoxy laminate are assumed to be 1/1000 of the longitudinal one for simplicity. For CF/CNT/epoxy composite the transverse (or through-thickness) conductivity is calculated by placing in parallel the transverse (or throughthickness) conductivity of the CF composite with that of the effective matrix. The stiffness of the UD ply is calculate using rule of mixture and Halpin-Tsai equations for the longitudinal (E1) and transverse (E2) Young's moduli [47] . A modified rule of mixtures [50] has been used to estimate the ultimate strength of unidirectional CF lamina along the fibres direction. This modification considers the misalignment and irregular distribution of fibres. The ultimate strength of the composite is given by [50] :
In (8) The comparison between (8) and experimental data shows good agreement for fibres volume fraction from ~30% to ~70% [50] . The transverse strength can be estimated by considering the fibres as cylindrical holes in the matrix that reduce the load-bearing cross-section [47] :
The shear strength is simply considered equal to the one of the matrix.
Dielectric and mechanical laminate models
The homogenized dielectric properties of the composite laminate are calculated with the approach suggested by Chin and Lee [51] . Details of the model are described in Appendix D.
Figure 6 Through-thickness resistance trend with CNT and CF contents
One interesting phenomenon has been observed by applying Chin and Lee's model. As it can be observed in Figure 6 , with CNTs below 1.2vol% in the matrix, the through-the-thickness resistance of the laminate will decrease with the increase of carbon fibre content. This is because the transverse contact density is increased by higher carbon-fibre volume fractions. At a CNT concentration larger than1.2vol%, the through-thickness resistance will decrease when more carbon fibers are placed into the laminate. This fact can be explained by considering that, for a CNT concentration above the 1.2vol% threshold, the conductivity of the effective matrix exceeds that of the carbon fibre along the transverse direction. Therefore, the increase of carbon fibre content effectively affects the less conductive element in the composite, resulting in a decrease of the overall conductivity along the through-thickness direction.
Classical lamination theory [52] (Table 5 and Table 6 ). In aerospace structures, the fuselage skin would be under longitudinal and hoop stresses. In rolling manoeuvre the fuselage would be also subject to torsional load which have to be supported by the ±45° plies [53] . Therefore, a quasi-isotropic stacking sequence is adopted here. Note: CF volume fraction fixed at 50%; ply thickness fixed at 0.125mm. Note: CNT volume fraction fixed at 2%; ply thickness fixed at 0.125mm.
III. Optimization process for the multifunctional design of the composite
The longitudinal electrical resistance of a fuselage can be approximated as:
⇒~1 with fixed L and C
Similarly, the circumferential resistance can be approximated as:
Along the through-thickness direction, if one assumes that the area of the lighting strike attachment is A L , it is possible to write:
The weight of the structure (or mass of per unit surface) is also one of the objectives to be minimized:
The composite density is obtained by the simple rule of mixture as:
The variables to be optimized include the contents of CNT and CF in the matrix, the number of plies and the ply thickness. The lower boundary for the CNT fraction is set to be 0.7% for the formation of conducting networks. The upper boundary of CNT fraction is set to be 2% to prevent clustering effects that degrade the conductivity and the mechanical properties. To simplify the model calculations the CNT fraction here is defined as the fraction to epoxy matrix, instead of to the whole composite. Classical volume fractions of the carbon fibres in CFRPs are between 40%~70%. The lower volume fraction could not provide enough stiffness and strength for the composite, and has problem with the formation of conducting network if it is less than 6.3%. CF volume fractions higher than 70% have problems of carbon saturation within the epoxy matrix. To facilitate to possible manufacturing, all the plies in the composite are assumed to have a uniform thickness . In this study, the ply thickness can vary between 0.1mm and 0.2mm. To maintain the symmetric quasi-isotropic layout the laminate stacking repeats the (0/±45/90)s sequence, therefore the number of plies has to have values multiple of 8 (8, 16, 24, and 32) . In the cost function of the optimisation this is represented by a parameter varying between 0.51 and 4.49, while the number of plies is obtained as 8 × ( ). All the variables are summarized in Table 7 . Ply thickness 0.1mm 0.2mm *volume fraction of CNT in respect to the effective matrix Hoop and longitudinal stresses are considered as the load cases to calculate the strength:
The fuselage is viewed as a pressure vessel with a diameter of 5.96m [54] . The pressure difference between the inside and outside is 0.276 bar as recommended in reference [53] . The dimensions of the fuselage panel are given in [55] as 27.94 cm × 41.66cm for wide body transport aircraft. The failure criterion used here is the Tsai-Hill one [52] , which considers stress interactions along both the global x and y directions of the laminate. The ply failure index is given by:
The ( ) function is taken as follows:
Ply failure occurs when the failure index exceeds 1, i.e. . . < 1 must be satisfied for no ply failure. The Fitness function for the optimization with constraints is therefore developed as follows:
This is a multi-objective optimization process with three cost functions to be minimized regarding three variables. The genetic algorithm (GA) has been used to search the best solution for least resistance and areal weight [56] (Matlab Optimization Toolbox). To avoid having the GA population confined around the local optimal point, random perturbations have been applied by the mutation operation. Two criterions to terminate GA process have been applied: the upper limit of the generation number and minimum change in average of solutions. All the parameters in the GA analysis have been taken as the default values from the Matlab GA tool, except for the size of the population. Several sizes of population have been tested, and after observing the Pareto optimal front the size of 400 for the population has been used to provide both good frontal line and reasonable computing time. The design spaces for all the three objectives extracted from the initial Pareto curves are shown in Table 8 . The objectives have been non-dimensionalised between 0 and 1 using the following formula:
The non-dimensional objectives a 3D Pareto surface have been generated (Figure 7 ) and fitted with polynomial functions as follows: 
In (24), , and represent Obj_1*, Obj_2* and Obj_3* respectively. The coefficients of Eq. (24) 
The variation of the weights enables to shift the emphasis of the three objectives. The fitness has been optimized for different combinations of weights, and the results can be observed in Table 9 . Test #7 emphasizes in-plane resistance, while test #3 highlights the importance of the through-thickness resistivity and test 1 weights more the surface mass. All the optimal solutions appear to approach the upper boundaries of the variable, i.e. 2% for CNT volume fraction and 70% for carbon fiber volume fraction. This fact can be further confirmed by plotting these results in the Pareto curves in Figure 8 . All of the optimal solutions (denoted as red points) are along the edge of the design boundary, meaning that the optimization is limited by the variable boundaries. A further improvement of the objectives is dependent upon the expansion of the variable boundary. The results for ply thickness vary from 0.171mm to 0.188mm for a 16-ply stack ([0/±45/90]2s), and from 0.133mm to 0.141mm for a 24-ply stacking sequence ([0/±45/90]3s). With greater panel thickness, the in-plane conducting path becomes larger and increases the mobility of the electrons. The length of the through-thickness conducting path would be also increased, resulting therefore in higher resistivity. The test #4, which represents equal weights for all objectives, has been considered to evaluate the effect of adding MWNTs into the CFRP (Table 10 ). It can be observed that the improvement of the inplane conductivity is quite limited because of the high conductivity of carbon fibre itself. The majority of the improvement in the conductivity is observed along the through-thickness direction (up by 82.19%). The stiffness properties have been improved in a limited way, by 13.73% for the Young's modulus and 18.78% for the shear modulus. As a result, the maximum failure index under the specific load case is reduced by 19.05%, which implies that the failure margin has been extended.
For the optimization scenario #4, the average through-thickness longitudinal and hoop stresses on the fuselage panel are 27 MPa and 54 MPa, respectively. These correspond to an average principal strain of 700 m at ultimate load, which is a value compatible with damage tolerant design requirements.
(a) Obj_1* against Obj_2* (b) Obj_1* against Obj_3* 
Figure 8 Weighted solutions
Conclusion
In this study the CNT/CF/epoxy composite architecture has been modelled and optimized for a fuselage panel case against lightning strike. The study has theoretically proved that by adding CNTs into the effective epoxy matrix the electrical bulk conductivity and elastic stiffness of CFRP can be increased. The major increase in electrical conductivity can be observed along the through-thickness direction, and it reaches as high as 82.19% by adding 2% CNT into the effective matrix. Only marginal improvement (0.33%) on the in-plane conductivity is obtained by dispersing CNTs, being this conductivity dominated by the carbon fibers. Moderate increases of 13.7% and 18.8% in tensile and shear modulus respectively have also been identified. These results imply that the CNT can improve the current conducting ability of CFRP without specific loss in mechanical properties when uniform dispersions are achieved. The model also provides practical suggestions on how to improve the conductive network in the hybrid nanocomposites in terms of percolation threshold, maximum efficiency for the through-the-thickness conductivity and allowable ply thickness configurations. Conductive paints for airframe applications can also be investigated using the same effective matrix approach developed in this study, which could help on designing coating strategies to further reduce the use of traditional methods for composite lightning protection of aircraft. 
Shear-lag model
The shear lag model investigated here is combining the rule of mixtures with the Cox model [40] . It takes the geometric parameters of nanotubes into account. The Young's modulus ( ) estimation for randomly oriented nanotube-polymer composite can be given as [40] : Where and are the Young's modulus of the matrix and nanotubes respectively, denotes the shear modulus of the matrix, is the volume fraction of nanotubes in respect to the effective matrix. is the the average length of nanotubes and 0 is the average radius of nanotubes. The parameter gives corrections for non-unidirectional reinforcements in the matrix. For randomly aligned carbon nanotubes along the three directions is taken as 0.2. According to the assumptions, the effective matrix would be isotropic.
Hua-Shi model
The Hua-Shi approach describes the tensile modulus along the longitudinal and transversal directions as: , the angle between the fiber orientation (denoted as 1) and the electric field vector (denoted as x) is θ. For plies aligned along the electric field (θ = 0 o ) the conductivity equals the one of the unidirectional ply. For plies aligned normally to the electric field (θ = 90 o ), the current travels by transverse conductivity. For plies with other orientation angles, the conductivities can be calculated simply by transforming the conductivity vector (containing conductivity in fiber direction and the transverse direction) into the electric field direction and the normal direction by the following transformation matrix [49] :
= 11 , = 22 , By assuming an ideal uniform distribution of the current density along the conducting path, the laminate stack is modeled as an ensemble of parallel resistors. The overall effective in-plane resistance of the composite ∥ is evaluated by 1
Where ∥ represents the effective resistance of the i th ply, and is the number of plies in the composite. The resistance in general is defined as:
Where and ℎ denote the width and thickness of the composite panel. After manipulation Equation (D2) provides the expression of the effective in-plane conductivity of the composite:
Where ∥ represents the effective in-plane conductivity of the i th ply, and ℎ represents the thickness of the i th ply. For a perfectly bonded laminate the current conducting through-the-thickness path is composed by the thickness of the plies in series. The effective conductivity in this direction is modeled as series resistors:
Similar to the in-plane conductivity, one can easily obtain the effective through-thickness conductivity as:
